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Black Holes Conserve Information in Curved-Space Quantum Field Theory
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We show that black hole formation and evaporation in curved-space quantum field theory is uni-
tary if stimulated (as well as spontaneous) emission at the event horizon is taken into account. In
particular, we show that the entropy accreted by a black hole when particles cross the event horizon
is exactly balanced by a commensurate entropy increase of the rest of the universe, owing to the
quantum entanglement between the black hole, Hawking radiation, and scattered radiation (includ-
ing stimulated emission). As a consequence, the emitted radiation is non-thermal, and information
can be retrieved using standard error corrections methods for noisy quantum channels.
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Black hole evaporation poses a serious challenge to the-
oretical physics because it is a problem at the intersec-
tion of general relativity and quantum mechanics, pre-
cisely where our understanding is the weakest. From the
moment Hawking discovered the eponymous radiation
effect [1l], many researchers have concluded that black
holes introduce an intrinsic irreversibility into the laws
of physics, together with an intrinsic unpredictability [2].
The reasons for such a radical departure from conven-
tional physics at first seem incontrovertible. If a black
hole’s entropy is given approximately by the logarithm
of the number of possible different initial configurations
of matter that collapsed into the black hole, then pre-
dictability is lost even before evaporation, because no ob-
server can perform measurements within the event hori-
zon of the black hole. But black hole evaporation poses
an even more vexing problem than the loss of predictabil-
ity, because it seems to imply that quantum mechanical
pure states can evolve into mixed states, implying a viola-
tion of unitarity and probability conservation in general.

It is the purpose of this letter to point out that none of
these problems in fact occur if black holes are described
within quantum information theory rather than thermo-
dynamics. As is well-known, because black holes have
negative heat capacity (the more heat they radiate, the
hotter they become), they can never be in a state of
thermodynamical equilibrium with an infinite reservoir
or heat bath. Instead, a description should be used that
does not assume that “all ‘fast’ things have happened and
all the ‘slow’ things not” [3], and in which probability
distributions can be arbitrary rather than of the Boltz-
mann type. Such a description is information theory (see,
e.g., Ref. [4] for its relation to statistical physics), and its
quantum version (see, e.g., [3]) should be used to describe

black hole dynamics.

In units where h = ¢ = G = k = 1, a non-charged, non-
rotating Schwarzschild black hole has an entropy given by
Spr = 4mM?, where M is the mass of the black hole, and
a temperature Tgy = (87M)~!, the Hawking tempera-
ture. Black holes are formed in stellar collapse of stars
of sufficient mass, and can subsequently accrete parti-
cles (see Fig. 1a). Through the process of virtual pair
formation near the event horizon, with one of the pair’s
particles disappearing behind the event horizon and the
other going off to future infinity, a black hole loses mass
(by providing it to the virtual pair which, in return, goes
on mass shell), and ultimately disappears. The problem
of loss of predictability is easily seen in Fig. 1(a), where
different trajectories of particles accreting onto the black
hole are outlined, and arbitrarily labelled. If the identity
of these labels is lost behind the horizon, we are faced
with a many-to-one mapping and concurrent loss of pre-
dictability (even if this information is released at a later
time) because the future state of the black hole cannot be
ascertained given the labels of the accreting particles. If
the labels are destroyed in the singularity and the infor-
mation is thus never released, then we would be forced to
assume that, to make matters worse, the laws of physics
allow non-unitary dynamics, and do not conserve proba-
bilities.

Hawking radiation occurs because the gravitational
field at the event horizon polarizes the vacuum, lead-
ing to spontaneous emission of particles that can be de-
tected by stationary detectors at infinity. From a quan-
tum field-theoretic point of view, the scattering cross sec-
tion for spontaneous particle emission would simply be
proportional to the imaginary part of the polarization
operator in a background gravitational field, if we were
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FIG. 1: (a) Penrose diagram of the accretion of arbitrarily
labelled particles from past infinity (/) onto a black hole.
Once the particles cross the event horizon into region II, they
are indistinguishable (leading to a loss of information) unless
they leave a signature outside (in region I) via stimulated
emission, as indicated in (b). This radiation escapes to future
infinity (I") along with the spontaneous Hawking radiation
(not shown).

able to calculate that. By continuing this reasoning, we
see that absorption of particles near the event horizon
should involve the imaginary part of the self-energy op-
erator in the external field, which describes stimulated
emission of radiation. Indeed, standard arguments go-
ing back to Einstein ensure that the transition probabil-
ity for stimulated emission is directly related to that of
spontaneous emission. Even though it has been realized
before that black holes emit stimulated radiation (see,
e.g., |6, 4, & 9, 10, [11]), it has apparently been over-
looked that stimulated emission guarantees that black
holes evolve in a unitary manner, as we now show.

In a quantum theory of scalar fields in a gravitational
background, the Minkowski vacuum is a non-trivial state
due to the separation of space-time into two regions, gen-
erally depicted as the “outside” and “inside” region, or
region I and region II, respectively (Fig. 1). The opera-
tors that annihilate this vacuum, Ay and By (Ay anni-
hilates the “outside” vacuum while By annihilates “in-
side”), are related to the flat space operators ay and by
by a Bogoliubov transformation [12]

A, = efage ™ = qay, — ﬁbik (1)

By, e ™ = aby, — ﬁatk (2)

where az creates a particle of mode k& while a_; anni-

hilates an antiparticle of the same mode. Let H be a
Hamiltonian describing the interaction of particles and
antiparticles outside and inside the horizon (for mode
),

H= ig(albtk —apb_p +k— —k). (3)

The Minkowski vacuum is then obtained by mapping

from the trivial vacuum [0),
U=e ‘

with a unitary operator

|0)ar = e [0) . (4)

In terms of the interaction strength g, it follows that

1

Oé2 = COShzg = W (5)
. 1
B? = sinh’g = /T _ 17 (6)

where w = |k| is the frequency associated to mode k and
T is the Hawking temperature. Indeed, as is well known,
the Bogoliubov transformation ([IE) leads to a thermal
spectrum

1

M<0|aLak|O>M == /T 1’ (7)
i.e., the Planckian distribution of spontaneous emission:
the Hawking radiation. The Minkowski vacuum for all
modes k can be written in terms of a superposition of
particle and anti-particle states living in region I and II
respectively, as (see, e.g., [13])

(np+n))wy
[0)pr = Hk Z e T g, )k, ) rr - (8)
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In the following, we will focus on a single mode k£ because
density matrices for different modes factor. Thus, for
example, we obtain the density matrix of mode k in the
outside region (when no particles are incident) as

pr = Tr17|0)ar{0] = prjo © p_jo (9)

with particle viz. antiparticle thermal density matrices
given by

o0

prio = (L= e /1) 37 e ™ Mng)y (g, (10)

Nk =0

and where k|0 indicates that these are obtained without
incoming particles. From (@) we can easily calculate the
von Neumann entropy of a mode k of the inside or outside
region as

S(o) =2 [

SR M

—|— log(1 —

with equal contributions from particles and antiparticles.
This entropy (sometimes called “entanglement entropy”)
is generated entirely by the existence of the event hori-
zon separating regions I and II, and indeed appears to be
bounded by the area of the horizon, rather than the vol-
ume [13, [14]. It is clear, however, that such a calculation
needs to be supplemented by a rigorous regularization
scheme that removes both infrared and ultraviolet diver-
gencies [[13, [16, [17] in the sum over modes before we can



compare this expression to the Bekenstein-Hawking en-
tropy.

While an identification of the black hole entropy with
entanglement entropy is appealing, it does not solve the
information paradox. In particular, the entropy ([II) is
clearly that of perfectly thermal radiation. To solve the
information paradox, we need to show that entropy is
conserved in the accretion and evaporation process, and
that the emitted radiation is indeed non-thermal. It is
sufficient to show this for a single mode k because modes
of different k do not interfere ([ax,al ] = drm), and be-
cause an arbitrary amount of information can be encoded
into a stream of particles of a single mode accreting onto
a black hole.

To describe black hole dynamics, we construct a final
state |ng )y obtained from the interaction of ny incident
particles with a region I bounded by an event horizon:

1
= ——(AD)"|0)ar -
k) m W( 1) 10) a1
In order to describe absorption, we also need to consider
the elastic scattering of particles off the black hole by
introducing a scattering Hamiltonian Hy so that

etHe g e~ = m ar + \/F_o b ,

where 1 — 'y and T’y stand for the elastic scattering and
absorption probabilities for a single mode, respectively.
Thus, using Hiyot = H + Hs, we obtain

1 7 —1 n
) = [ni)ar = —= (eHroral e Heo)m|0) 5 =

N
[VT=To (aa}, = Bb-%) + VTolabl — fa_i)] " 10} -

(14)

(12)
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From this expression, we can calculate the density matrix
of region I after n particles interacted by tracing over the
degrees of freedom of region II:

P = Trpr ) (W (15)
with entropy
S(pSV) = ~Ter (7 log 7)) . (16)

Because the entropy of the pure state |¢,,){(¢,| vanishes,
we are assured that the marginal entropy of region I and
IT are always equal, for any n. Thus, entropy is conserved
during accretion and evaporation.

Calculating the mean number of particles N; emitted
into region I when n particles of mode k are incident is
instructive, as

contains the contribution from spontaneous and stimu-
lated emission, respectively. Note that the fraction I'g of
particles that disappear behind the horizon leaves a sig-
nature of stimulated antiparticles in the outside region,
as schematically indicated in Fig. 1b.

Black hole dynamics can now be cast into the lan-
guage of quantum information theory. We can follow
the fate of information interacting with a black hole by
using a preparer to encode information into quantum
states that are then sent into the event horizon. For
example, we can imagine a preparer X who sends pack-
ets of ny particles with probability p(n). The internal
state of the preparer can be described by the density ma-
trix px = >, p(n)|n)(n|, with entropy S(px) = H[p] =
— >, p(n)logp(n). After the particles interact with the
black hole, our preparer is now correlated with it because
the final state is now the density matrix

prirx = Y_pm)[n)a(n| @ |n)x(n| . (18)

Tracing over the black hole interior (region II), we obtain
the joint density matrix of the radiation field in region I
and the preparer X:

prx = > pn)pl" @ n)x (nl (19)

with entropy

S(pr.x) = Hlp] + > p(n)S(p{™) (20)

owing to the block-diagonal form of Eq. ([[@). The mu-

tual entropy between radiation field and preparer is then

simply given by
H(X :1I) = S(pr) + S(px) — S(p1,x)

= S(pr) = > pm)S(pS")

n

(21)

which is known as the Holevo bound. The latter consti-
tutes the maximum amount of classical information that
can be extracted from a quantum measurement [18], and
its maximum (over the probability distribution of signal
states) turns out to be the capacity of a quantum channel
to transmit classical information [19].

We can calculate as an example the simple binary case
where the preparer either sends no particle (with proba-
bility 1 — p) or one particle (with probability p) into the
black hole. In order for this information to be recovered,
an outside observer must be able to make measurements
on the radiation field that betray the preparer’s decision.

In the case of pure scattering or pure absorption, pgl)

N; = <1/Jn|a;1ak|1/1n> = (1 —=T¢)ng + B%[1 +nx(1 —Tp)] .(17)is diagonal. For pure scattering (I'y = 0) we find

The first term in () is the number of elastically scat-
tered particles, while the second one (proportional to 3?)

1 —mw/T
pkH:JZ(m—I—l)e Tim+1)(m+1]  (22)



As noted before, S(pgjo) = Stherm is thermal. S(py|1), on
the other hand, is not. Instead, we find

S(pk\l) = 25therm — F(W/T) s (23)

with a positive definite quantity

1 - —mw
F(w/T) = peR > e/ Mmlogm . (24)
m=1

In Fig. 2, we show the Holevo bound

H(I:X) = S[(1-p)prjo + ppr|1]
—(1=p)S(prjo) —pS(prn)  (25)

as a function of the probability p (note that the contri-
bution from p_jjo cancels because it is thermal). Due
to the quantum noise created by the Hawking radiation,
H(I : X) does not reach the initial entropy H|[p], but
approaches it very quickly as w/T becomes larger (see
Fig. 2). This loss of information is entirely due to the
degradation of the signal that is sent through a noisy
quantum channel, and can be restored using standard
quantum error correction schemes (see, e.g., [3]).

FIG. 2: Mutual entropy H (X : I) between preparer and radi-
ation field as a function of the probability p in the binary black
hole channel. The Holevo information H (X : I) approaches
the maximal amount of information that can be extracted,
H{p] (dashed line) as z = w/T increases, i.e., as the Hawking
noise decreases.

The case for full absorption can be treated in the same
manner (now pM) = Prjo @ p—g|1, SO Teplace k — —Fk in
Eq. B3) except that p_jjo and p_j; are more and more
difficult to distinguish as 7" — 0. However, they can still
be discerned probabilistically as long as 7" > 0, which is
sufficient to ensure full information retrieval with appro-
priate quantum error correction. While the case for gen-
eral Ty is more complicated because p(*) is not diagonal
in the number basis, a numerical diagonalization shows
that the capacity of the black hole communication chan-
nel is always non-zero, and decreases as I'g increases [20].
Note also that because the capacity of the channel does
not depend on previous uses (except for a change in the

black hole temperature), the precise nature of the black
hole history is immaterial to information transmission.

In conclusion, we found that a consistent treatment of
black hole dynamics requires the presence of stimulated
radiation outside the event horizon beyond the usual
Hawking radiation. The radiation field in this region is
non-thermal, while accretion and evaporation described
by the Hamiltonian Hi,t = H + H is unitary. This
guarantees that any change in the entropy of the inside
region is exactly balanced by a commensurate change in
the outside. Consequently, while particles can cross the
event horizon, information cannot. Instead, the informa-
tion dynamics of black holes turns out to be that of a very
standard noisy quantum channel that is used to transmit
classical information, where Hawking radiation provides
the noise source. We further note that this solution to
the black hole information paradox does not require to
go beyond curved-space quantum field theory.
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